Considering a quench process in which an electric field pulse is applied to the system, "f -sum rule" for the conductivity for general quantum many-particle systems is derived. It is furthermore extended to an infinite series of sum rules, applicable to the nonlinear uniform conductivity at every order.
Introduction.-Understanding of dynamical responses of a quantum many-body system is not only theoretically interesting but is also essential for bridging theory and experiment, as many experiments measure dynamical responses. Linear responses have been best understood, thanks to the general framework of linear response theory [1] . Many experiments can be actually well described in terms of linear responses. On the other hand, there is a renewed strong interest in nonlinear respones recently, thanks to new theoretical ideas, powerful numerical methods, and developments in experimental techniques such as powerful laser sources which enable us to probe highly nonlinear responses. For example, "shift current", which is a DC current induced by AC electric field as a higher order effect, has been studied vigorously [2] [3] [4] [5] [6] .
Yet, theoretical computations of dynamical responses are generally challenging, often even for linear responses and more so for nonlinear ones. Therefore it is useful to obtain general constraints on dynamical responses, including their relations to static quantities which are easier to calculate. The "f -sum rule" of the linear electric conductivity is a typical and well-known example of such constraints [7] . For simplicity, let us consider the uniform component of the linear AC conductivity, which is defined as
where j is the uniform part (q = 0 Fourier component) of the current, E is the uniform electric field, and ω is the angular frequency. Throughout this paper, I only consider the electric field and current in 1 direction, and omit the corresponding indices in the conductivity σ and its higher-order counterparts. The f -sum rule is a constraint on the frequency integral
Since Re σ(ω) and Im σ(ω) are respectively even and odd functions of ω,
Although the latter form often appears in literature, in this paper I keep using the first form. The Hamiltonian of a system discussed in condensed matter physics often takes the form
where K is the kinetic energy (including the chemical potential term) which is bilinear in particle creation/annihilation operators, and I is the density-density interaction energy.
For an (interacting) system of spinless particles with the standard kinetic term in nonrelativistic quantum mechanics in the continuum
the original form of the f -sum rule is derived as
where ρ is the particle density. The right-hand side is determined by the electron mass m and the electron density ρ, and is a completely static quantity. While the f -sum rule also holds for lattice models, the right-hand side looks different, as it was explicitly shown for the standard Hubbard model. A spinless analogue of the standard Hubbard model is defined by the Hamiltonian of the form (4), with only the nearest neighbor hoppings
whereĵ is the unit vector in j-th direction, and an arbitrary density-density interaction I. For this model, the f -sum rule is given as
in terms of the expectation value of the kinetic energy along 1-direction [8, 9] . It should be noted that, although the interaction term I does not appear explicitly in the fsum rule (8) , it does affect the right-hand side indirectly as it does change the eigenstates. Nevertheless, one might wonder why only the kinetic term appears explicitly in the f -sum rule. As it will be clear in the following, Eq. (8) holds only for the particular model (with only the nearest-neighbor hoppings) and is not valid for general lattice models. In fact, the f -sum rule with more general form of bilinear kinetic energy K has been derived in Refs. [10, 11] . However, these works are still restricted to the class of the Hamiltonians (4). The most general class of lattice models cannot be written in the form (4). Important examples include so-called correlated hopping, pair hopping, and ring exchange terms. In the presence of these terms, the separation of the Hamiltonian into bilinear kinetic and interaction terms is no longer possible. To our knowledge, the f -sum rule for the most general class of electron models have not been discussed.
In this paper, I will present a derivation of the f -sum rule which is valid for the most general class of quantum many-particle systems with the conserved charge. It turns out that, this derivation also gives an infinite series of "f -sum rules" for nonlinear conductivities for uniform field/current.
Setup.-I consider a general system of many quantum particles. with the global U (1) symmetry corresponding to the total charge conservation. To illustrate the argument, here I consider particles on the
For simplicity, I consider a single species of particles, although generalizations to multispecies case is straightforward. The total charge conservation then corresponds to the total particle number conservation. The Hamiltonian is written in terms of the particle creation/annihilation operators c † r and c r at each site r. Because of the total particle number conservation, each term in the Hamiltonian should have the same number of creation operators and annihilation operators: any creation operator c † r should appear with a annihilation operator c r ′ , which represents particle hopping from r ′ to r. In fact, I allow any number of creation and annihilation operators to appear in a single term in Hamiltonian (representing correlated hopping, pair hopping, ring exchange, and so on). I just assume the hoppings to be short-ranged (longer-range hoppings are suppressed strongly enough) but no translation invariance is required [12] .
The system can be coupled to the electromagnetic field by introducing the external gauge field (vector potential) A so that a hopping term in the Hamiltonian is replaced as
A generally depends on the location, and the above phase factor should then be understood as a contour integral. However, in this paper I focus on the response to the uniform electric field, for which A can be chosen to be uniform throughout the system. If we identify x+L 1 ∼ x where x is the first component of r, the system may be regarded as a ring [13] . Following several earlier arguments [14] [15] [16] [17] [18] [19] I now consider inserting a magnetic flux Φ 0 through the ring, starting from the initial state ρ 0 . In the uniform gauge, this amounts to choosing
Then I increase Φ linearly in time for 0 < t < T so that Φ(t = T ) = Φ 0 . Namely, the vector potential is varied as
for 0 < t < T . Derivation of the Main Result.-Here I focus on the expectation of the current density in 1-direction "averaged" over the entire system [20] . In my choice of the uniform (position-independent) A 1 , the corresponding operator is simply given as
where
is the volume of the system. The time evolution of the system for a time-dependent Hamiltonian H(t) is generally given by the unitary operator
where T is the time-ordering operator. The expectation value of any operator A(t) at time t is then given as
which also leads to
For the special case of A(t) = H(t), the second term vanishes and thus
Using this, for the flux insertion process (11) , I find the relation [18 
for 0 < t < T . Integrating both sides for 0 < t < T , it leads to
where 0 is the expectation value with respect to the initial state ρ 0 , and t=T is that with respect to the final state at t = T . In Ref. [18] , the limit T → ∞ of the adiabatic flux insertion was considered, in order to discuss the Drude weight at zero temperature β → ∞. The adiabatic insertion is equivalent to the famous Kohn formula for the Drude weight [14] . However, the formula (19) is valid for general T and for any initial state. In this paper, I consider the opposite limit, that is the limit of very quick insertion of flux: T → 0, with an arbitrary initial state ρ 0 . In this limit, the state of the system cannot follow the change in the Hamiltonian and the "sudden approximation" becomes exact: S → 1. It follows that
This problem can be regarded as an example of quantum quench, sometimes called "flux quench" [21, 22] : the Hamiltonian is suddenly switched to that including the flux (vector potential). Although I take the limit T → 0, it is necessary to keep track of infinitesimal T for bookkeeping purpose, as it will be clear in what follows. It is worth noting that, if I choose Φ 0 = 2π, which is the unit flux quantum (for which the Aharonov-Bohm effect vanishes), H(Φ = 2π) is related H(Φ = 0) by the large gauge transformation [17] :
At zero temperature, and in the flux quench limit, the right-hand side of Eq. (19) , excluding the coefficient
where |Ψ 0 is the ground state. This quantity appears in the (original line of the arguments in the) proof of LiebSchultz-Mattis (LSM) theorem [23] [24] [25] . There, Eq. (23) represented the energy expectation value of a variational state U 1 |Ψ 0 relative to the ground-state energy. For the purpose of the proof of the LSM theorem, I need additional conditions: translation symmetry of the system to allow a momentum counting, incommensurate filling to ensure that the variational state is orthogonal to the ground state, the inversion or the time-reversal symmetry to ensure that the first order in the expansion in 1/L 1 vanishes, and one-dimensionality of the system to ensure that Eq. (23) is small (of O(1/L 1 )). However, for the present purpose, none of these conditions are needed, as it will be clear in the following. In fact, in the present argument, Φ 0 can be taken arbitrarily, and not necessarily be the unit flux quantum 2π. Nevertheless, it is interesting to see the connection with the proof of the LSM theorem. Let us define the linear and non-linear conductivities for the uniform electric field and current in real time as
σ (1) corresponds to the standard linear conductivity, whereas σ (n) with n ≥ 2 represents non-linear conductivities. For the present setup, t 0 = 0 and
In the flux quench limit T → 0, the flux insertion process would be completed before any change in σ(n) as a function of the response times. Thus I can assume
Then each integral t 0 dt l just gives t in Eq. (24), and 
where x and x ′ are the first components of r and r ′ , respectively. Any term in H(Φ = Φ 0 ) can be expanded in Φ 0 /L 1 this way, provided that the Hamiltonian has the U (1) charge conservation and hoppings are short-ranged. Let
Since H (0) = H(Φ = 0), they cancel with each other in Eq. (20) . Thus the right-hand side of Eq. (20) reads
Comparing Eqs. (27) and (30), the common factor T cancels out. Effects of finite T (corrections to the sudden approximation) will be represented by higher-order terms in T in both sides, which I do not discuss here. Matching Eqs. (27) and (30) order by order in Φ 0 /L 1 , I find
for n = 0. This is just a trivial identity which follows from Eq. (12) . As a remark, the fact that the expectation value of the current density given by the first-order of "LSM expansion" of the variational energy, is used in a recent systematic proof of Bloch's theorem [20, 26] . On the other hand, for n ≥ 1, I find the nontrivial identity
which relates the instantaneous (zero response time) response of the current to the electric field in all orders. In the frequency space, which is more commonly used in the literature,
where I use the same symbol σ (n) to represent the Fourier components as functions of frequencies, to be distinguished from the functions of response times by its arguments.
Discussion.-The particular case of n = 1,
is the general form of the f -sum rule on the linear conductivity [27] . For Hamiltonians which have been studied previously, the present result at n = 1 reproduces known results on the sum rules, such as (8) . While I have used lattice models in my derivation, the same argument applies to continuum models as well. For the standard non-relativistic models with the kinetic term (5), it reproduces the standard f -sum rule (6) . On the other hand, from the present analysis, it is clear that, once hoppings between sites farther apart than the nearest-neighbor pairs are included, the simple form (8) is no longer valid. This is because a longer-range hopping in 1-direction has a stronger coupling with the vector potential and thus contribute more to H (2) . For a Hamiltonian of the form (4) where the kinetic term is
in the momentum representation,
which reproduces the results in Refs. [10, 11] . Note that, in the multi-band case, ψ( p) is a vector and ǫ( p) is a matrix of the corresponding dimension [11] . I stress that the present approach is more general and not limited to the Hamiltonians (4). It can be also naturally understood that the density-density interactions do not appear explicitly in the sum rule: any term in Hamiltonian which does not couple to the gauge field (or equivalently insensitive to the LSM twist) does not contribute to H (n) . I also note that 0 is the expectation value with respect to the arbitrary initial state (density matrix) ρ 0 . A natural choice of ρ 0 would be an equilibrium density matrix (Gibbs state) at a certain temperature, but ρ 0 can also be chosen to represent a non-equilibrium state, especially a non-equilibrium steady state for which the response function would still be time-translation invariant [28] .
Furthermore, I obtained an infinite series of sum rules on the nonlinear conductivities σ (n) , although just one sum rule for σ (n) , which has n arguments (assuming the time-translation symmetry), was found at each order n. For the linear conductivity σ (1) , its positivity as a function of the frequency ω,
has made the sum rule particularly useful. I am not aware of a similar positivity constraint for nonlinear conductivities with n ≥ 2, and in fact negative regions of σ (2) has been found [3] .
For the particular case of the nonrelativistic quantum mechanical Hamiltonian (4) with (5), H (n) = 0 for n ≥ 3. This means that the right-hand sides of the sum rules vanish for n ≥ 2. Although this is rather remarkable, this does not imply the absence of a nonlinear current response to the electric field. It just requires that the nonlinear conductivity σ (n) should vanish upon the frequency integration as in Eq. (33). Therefore any positive part of σ (n) in the frequency space must be compensated by a negative part.
Another special case worth mentioning is the lattice models of the form (4) with the kinetic term which consists only the nearest-neighbor hoppings (7) and with arbitrary density-density interaction. For this class of models, the right-hand side of the sum rule (33) at each order is simplified as
if n is odd,
if n is even.
Namely, the f -sum rule for all the odd order conductivities are determined by the single parameter K 1 0 /V . Likewise, the f -sum rule for all the even order conductivities are determined by the average current in the initial state,j 1 0 . Since Bloch's theorem [20, 26] ensures thatj 1 0 vanishes in the thermodynamic limit at equilibrium, for these models the frequency integral (33) vanishes at every even order n. Nevertheless,j 1 0 may be non-vanishing in a non-equilibrium steady state, which also implies nonvanishing sum rules at even orders [28] .
The present result is one of rather few general constraints on conductivities, especially non-linear ones. The sum rules can be used to check various approximate or numerical calculations, and might give a guiding principle on designing the systems to obtain desired transport properties. I hope that the present result will help developing theory of linear and nonlinear dynamical responses of quantum many-body systems in the future.
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